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In addition to the validation of the baseline method (Choi, J.-Y., Jeung, I.-S., and Yoon, Y., “Computational
Fluid Dynamics Algorithms for Unsteady Shock-Induced Combustion,Part 1: Validation,” AIAA Journal, Vol. 38,
No. 7, 2000, pp. 1179–1187), numerical experiments were performed to investigate the characteristics of various
numericalalgorithmsfor the analysisofperiodicallyunstableshock-inducedcombustion.Withregard to the spatial
discretization, the role of limiter functions and entropy-� xing parameters were examined concerning inherent
arti� cial damping. Instead of the Roe scheme, an advection upstream splitting method variant upwind scheme was
applied to the present problem and compared with the baseline method. Next, the accuracy and ef� ciency of time-
integration approaches were tested by carrying out time-step re� nement studies. A four-step explicit Runge–Kutta
method, a point-implicit method, a Crank–Nicolson method, and a dual-time-stepping method were considered in
addition to the baseline method.

Introduction

A S mentioned in this paper’s companionstudy,1 there have been
a number of computational studies on shock-induced com-

bustion. Although all of the previous studies were carried out un-
der validation conditions through general comparisons with exper-
imental data, there are a wide variety of computational methods
with which to do so. Wilson and Sussman used a point-implicit
time integration and compared a modi� ed Steger–Warming � ux
vector splitting with an upwind total variation diminishing (TVD)
scheme.2 Matsuo et al. used a non-MUSCL TVD scheme with ex-
plicit time integration.3 Ahuja et al.4 used a shock-� tting technique
and a McCormack scheme instead of the widely used TVD-type
shock-capturing schemes. Recently, Yungster and Radhakrishnan
developed a time-accurate fully implicit TVD code for unsteady
shock-induced combustion calculations.5

In those studies,Yee’s TVD schemes6 based on Roe’s � ux differ-
ence splitting7 (FDS) were widelyused for spatialdiscretization,but
varioustime-integrationmethodsrangingfromanexplicitschemeto
a fully implicit scheme were applied. However, it is dif� cult to � nd
an accurate and ef� cient method for the study of unsteady shock-
induced combustion or related phenomena because a comparative
study of numerical algorithms for shock-induced combustion or
relevantproblems is rarely found.Even though there are some com-
parative studies of computationalalgorithms for steady nonreactive
gas � ows in supersonic or hypersonic range,6,8 it is hard to adopt
the guidelinesfrom the steady nonreactive� ow studies for unsteady
reactive gas � ows. Hence, this study aims at providing a reference
for computational studies of shock-inducedcombustion and related
supersonic combustion phenomena by presenting comparative re-
sults of various computing algorithms used for the simulation of
unsteady shock-inducedcombustion.

The present study is based on the developmentand validationof a
baselinefully implicitTVD schemedescribedin Ref. 1. In this code,
Roe’s FDS7 and MUSCL-type TVD extension were used for the
spatial discretization of governing equations, and a second-order-
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accuratefully implicitlower-upper(LU) relaxationschemewas used
for the time integration with a Newton subiteration method. The
effects of the different choices of computational algorithms were
investigated within the following two categories, spatial discretiza-
tion and time integration.In the section on spatial discretization,the
role of limiter functions and entropy-�xing parameters were inves-
tigated by comparing the oscillation frequency of pressure history
at the stagnation point. In this category, a variant of the advection
upstreamsplittingmethod (AUSM),9 newly used for shock-induced
combustion studies10,11 was also applied for the simulation of oscil-
latory shock-inducedcombustionand was comparedwith the Roe’s
FDS method.7 With regard to time integration, four different time-
integration schemes were used in addition to the baseline method.
The consideredmethodsare an explicitfour-stepRunge–Kutta (RK)
method,12 a point-implicit (PI) method,13 a fully implicit Crank–

Nicolson(CN)method,12 and a dual-time-steppingmethod.14 In this
category, the time accuracy and solution ef� ciency was compared
through a time step re� nement study for each scheme.

Baseline Computational Modeling
Because thedetaileddescriptionof governingequationsand base-

line numerical methods are addressed in Ref. 1, they will be only
brie� y repeated in this section for the comparison and description
of other numerical methods in the following sections. The Euler
equationsfor reactive � ows are written in the followingvector form
in a curvilinear coordinate:

@Q
@t

+
@F
@n

+
@G
@g

+ H = W (1)

Here Q is a conservativevariablevector, F and G are � ux vectors in
the generalizedcoordinate n and g directions,H is an axisymmetric
term, W is a chemical source vector, and t is time. Chemistry mod-
eling of the equations will be omitted here because it is addressed
in detail in Ref. 1.

By applyingthe Newton-iterationmethod to a second-ordertime-
accurate formulation, the governing equations is discretized as the
following fully implicit formulation:
³
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(2)

Here, n is the time step;m is the subiterationlevel at every time step;
c0, c1 , and c2 are the coef� cients from the variable time step size;
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and R is the residual vector discretizedby � nite volume formulation
as follows:

Ri, j = Wi, j ¡ Hi, j ¡ F̃i + 1
2 , j + F̃i ¡ 1

2 , j ¡ G̃i, j + 1
2

+ G̃i, j ¡ 1
2

(3)

W and H are evaluated at each grid point (i, j ), and F̃ and G̃ are the
numerical � uxes evaluated at cell interfaces. The numerical � uxes
are � ux vectors containingarti� cial damping and are formulatedby
appropriate spatial discretization schemes such as Roe’s FDS.7 At
every subiteration step, the conservative variables are updated by
calculatingthe variation of conservativevariables from Eq. (2). The
implicit formulation in Eq. (2) is a pentadiagonal system, and the
baselinemethod solves this equationby an LU relaxationscheme.15

Spatial Discretization
Generally, the spatial discretizationdeals with the formulationof

numerical � ux in Eq. (3), and the basic differenceof the � ux formu-
lations comes from the different treatment of arti� cial damping. Al-
thoughthereare variouscentralandupwinddifferenceschemeshav-
ing their own arti� cial damping characteristics,Roe’s FDS scheme7

seems to be the prevailing one, at least for problems similar to the
one discussed here.2,3,5 ¡ 8 The higher-orderextension of Roe’s FDS
results in a number of variants that show different shock capturing
characteristicsaccordingto their inherentarti� cial damping.6 How-
ever, it is hard to quantify the magnitude of the arti� cial damping
because it acts selectively or nonlinearly in cases where damping is
needed.The arti� cial damping is controlledby a nonlinear function
of variablegradient, a so-called limiter. Hence, each numerical � ux
formulation algorithm shows different damping characteristics ac-
cording to its limiter function.Therefore, this section deals with the
characteristics of spatial discretization schemes with the focus on
the role of arti� cial damping on the oscillatory combustion charac-
teristics.

All of the following examinations were made for a Lehr’s ex-
perimental case16 of Mach number 4.48 with a 200 £ 300 grid and
initial and boundary conditionsdescribed in Ref. 1. The same base-
linecomputationalmethodwas used for each case,but the � rst-order
time integrationwas appliedwithoutsubiterationsfor computational
ef� ciency and for clear comparisonwithout the corruptionof a pres-
sure history by high-frequency oscillations. Except for the condi-
tions just cited, all of the computational conditions were the same
as in the baseline method.1

Effect of Spatial Limiter Functions
The most distinctive characteristics of different limiter func-

tions would be the shock-capturingcharacteristicsoriginating from
generic numerical diffusivity. As an example, the minmod limiter
shows the most diffusive solution with b =1.0 and the steepest one
with b =4.0 for a third-order scheme in the TVD region. Here, b is
a high-order extension parameter for the MUSCL scheme.1 Instead
of the minmod limiter used in the baseline method,1 other limiter
functionscan also be used. In this study,Koren’s limiter (see Ref. 17)
and the so-called van Albada’s differentiable limiter (see Ref. 18)
functionsare considered.In the case of Koren’s limiter (see Ref. 17),
variables are interpolated at cell interfaces as

qL = qi +
s

4
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In case of van Albada’s limiter (see Ref. 18), variables are interpo-
lated at cell interfaces as
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s
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Fig. 1 Temporal variationsofpressure at stagnationpoint for different
limiter functions and � rst-order time integration of 1000 time steps.

Fig. 2 Temporal variationsofpressure at stagnationpoint for different
limiter functions and � rst-order time integration of 4000 time steps.

These differentiable limiter functions are slightly more ef� cient
than minmod functions because they do not need logical operations
such as min and max. They showed the shock-capturingcharacter-
istics between minmod with b =1.0 and 4.0, although the Koren’s
limiter (see Ref. 17) also showed a more diffusive solution.

Computationwas carriedout with four different limiter functions,
minmod with b =1.0, minmod with b =4.0, Koren’s limiter (see
Ref. 17), and van Albada’s limiter (see Ref. 18) in addition to the
baseline solution of minmod with b =1.25. The results were com-
pared via the stagnation pressure history for the understanding of
the effect of arti� cial damping on oscillatory characteristics. In the
resulting pressure history (Fig. 1), the most distinguishing feature
of the solution is the phase shift of the oscillatory pressure wave.
The steepest limiter (minmod with b =4.0) shows the longest pe-
riod of oscillation, and the most diffusive limiter (minmod with
b =1.0) shows the shortest period. Because other limiter functions
have intermediate shock-capturing characteristic between the two
aforementionedlimiter functions,they show intermediatesolutions.

To � nd the change of oscillation frequency more precisely, the
time integration has been carried out for a longer time to include
more oscillation periods. Figure 2 is the pressure history obtained
after 4000 steps of time integration. The resulting oscillation fre-
quencies are obtained from this pressure history. Figure 2 includes
15–16 periods of oscillation, and the oscillation frequency is eval-
uated from the average of the time from the � rst peak to the last
peak and the time from the � rst valley to the last valley divided
by the number of periods. Table 1 shows the resulting oscillation
frequencies for the different limiter functions. As listed in Table 1,
the steep limiter results in low frequency and the diffusive limiter
results in high frequency. The maximum deviation is about 11 kHz
correspondingto a 2.5% error in frequency.The experimentalresult
is within the deviation. Therefore, it is understood that the result of
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Table 1 Comparison of the oscillation frequency
for different limiter functions

Limiter function Frequency, kHz

Experiment 425
Yungster and Radhakrishnan5 431
Minmod, b = 1.00 429.48
Minmod, b = 1.25 426.13
Minmod, b = 4.00 418.73
Koren (see Ref. 17) 423.19
van Albada (see Ref. 18) 421.78

Fig. 3 Temporal variationsof pressure at stagnationpoint with respect
to the different values of entropy-� xing parameter in Eq. (38) of Ref. 1.

numerical simulation could have some deviation originating from
the choice of spatial discretization method, each having its own
inherent numerical dissipation. The computing times of Koren’s
limiter (see Ref. 17) and van Albada’s limiter (see Ref. 18) were
slightly better than those of the minmod limiter, but the selection
of limiter function had a negligible in� uence on overall computing
time because the largest part of the computing time is consumed by
the matrix inversion of the implicit part.

Entropy-Fixing Parameter
Many of the FDS-type upwind schemes have entropy problems

such as carbuncle, expansion shock waves, and even–odd decou-
pling. Some kinds of entropy � x are used to avoid this problem, but
thequantityof entropy� x also in� uencesarti� cialdissipation,shock
thickness, and the convergence rate because it modi� es the magni-
tude of eigenvalues relevant to the quantity of arti� cial damping.19

However, there is no rule of thumb for determining the entropy pa-
rameter, a small number ˜e in Eq. (38) of Ref. 1, although this param-
eter is typically recommended to be in the range of 0.01 · ˜e ·0.1
for most of the problems.19 Especially in a hypersonic problem, it
is known that the small range of numbers just given does not cure
the convergence problem, and a much larger value is used often,
although the use of large value is avoided for the validity problem.
Thus, in addition to the baseline solution with ˜e =0.4, some nu-
merical experiments were carried out to obtain insights about the
parameter. In this study, a small number ˜e is used in the range of
0.1 · ˜e ·1.0, and solution accuracy was compared. Figure 3 is the
resulting stagnation pressure history obtained with different ˜e val-
ues. The larger values of the entropy � xing parameter represent
the shift of pressure peaks to the left without a problem, just as
the diffusive limiter function did. However, in case of the smallest
number, ˜e =0.1, the periodicityof solutionbreaks down after a long
time. A larger value of entropy-�xing parameter cures this problem.
Thus, it is concluded that a larger value of entropy-�xing parameter
results in a diffusive solution, but can be used without signi� cant
deterioration if the solution stability is the biggest problem.

Application of an AUSM-Based Method
Instead of Roe’s FDS,7 a different kind of upwind scheme was

tested in addition to the limiter functions and entropy � x. In this

study, an AUSM+W (Ref. 9) � ux-splitting method was considered
with pressure limiter function.20 Recently, AUSM-based methods21

or AUSM-like methods11 began to be used widely for the problems
where stable shock capturing is a major concern and Roe’s FDS
fails due to the instability of the normal shock wave. However,
the previous studies have shown that AUSM21 has a problem of
postshock oscillation when a strong shock wave is involved, and a
numberof its variantsare developedto overcomethis problem.9,11,20

Thus, because AUSM methods are still under development, they
should be validated for a suf� cient number of applications. In this
study,AUSM+W, an advancedversionofAUSM, is appliedwith the
combinations of MUSCL-minmod and MUSCL-pressure limiter.
The pressure limiter has showed somewhat diffusive characteristics
but is often used with the stiff AUSM method as a remedy for
postshock oscillation problems that AUSM can have.20

Figure 4 is the solutionprovidedby the AUSM+W with MUSCL-
pressure limiter combination. In Mach number distribution, the re-
action zone in the frontal subsonic region shows nearly steady char-
acteristics whereas the old reaction front moves out downstream.
In density variation, the oscillatory characteristics of the reaction
front is maintained for one or two periods, but it ultimately disap-
pears. This trend can be more easily seen in the pressure history
in Fig. 5. The decaying of the oscillation is noticed in the results,
whereas Roe’s FDS method7 and the MUSCL-minmod combina-
tion maintain the oscillation throughout the computing time. After
about 2000 steps of time integration (at about 20 l s), the oscil-
lation is completely eliminated, and the result shows steady-state
behavior. This unphysical behavior may be a result of the diffu-
sive shock-capturingcharacteristicsof the MUSCL-pressure limiter
combination. However, the MUSCL-minmod combination shows

Fig. 4 Local Mach number distribution and the temporal variation of
density along stagnation line for the case of M = 4:48 with AUSM++ and
� rst-order time integration.

Fig. 5 Comparison of temporal variations of pressure at stagnation
point for Roe’s FDS and AUSM++W with minmod limiter and a pressure
limiter for 4000 time steps.
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nearly the same oscillationcharacteristicsas Roe’s FDS7 except for
the slightly lower maximum pressure and slightly higher minimum
pressure.

Note that the selectionof a shock-capturingschemeand its generic
numericaldiffusivityarevery important for the correct simulationof
unstablecombustionphenomenabecause an inappropriateselection
of spatialdiscretizationschemesmay result in a completelydifferent
result.Althoughthe simple vectorformulationmakes theAUSM+W
more ef� cient than Roe’s FDS,7 reduction of total computing time
was insigni� cant due to the implicit formulation.

Comparison of Time-Integration Methods
Next, different time-integration schemes are compared with a

time step re� nement study to � nd the ef� ciency and the accuracyof
the schemes for the unsteady shock-induced combustion problem.
An explicit four-step RK method,12 a PI method,13 a fully implicit
CN method,12 and a dual-time-steppingmethod,14 are consideredin
this study as representativesof various time-integrationschemes.

Explicit Four-Step RK Method
It is generally known that an implicit scheme is more ef� cient

than an explicit scheme due to time step limitations from stabil-
ity restrictions of convection terms and the stiffness of chemistry
terms. However, this is not always true for reactive � ow simulations
involvinga largenumberof speciesconservationequationsbecause,
although an explicit treatment of a chemical source term requires
that the numericoperationsbe proportionalto thenumberof species,
an implicit treatmentof a chemistryJacobianmatrix requiresthat the
operationsbe proportionalto the cubic numberof species.Thus, the
ef� ciency of implicit schemes is degraded with the increase in
the number of species. For the comparison of an explicit scheme
to an implicit scheme, the standard fourth-order time-accurate four-
step RK method was applied for an Euler equation of chemically
reacting � ow in Eq. (1):

Q(1) = Qn + 1
2
D tRn , Q(2) = Qn + 1

2
D tR(1)

Q(3) = Qn + D tR(2)

Qn + 1 = Qn + ( D t / 6)
¡
Rn + 2R(1) + 2R(2) + R(3)

¢
(6)

Spatial discretization in the residual vector is the same as in the
baseline method. The stability limit of this scheme is known as
Courant–Friedrichs–Lewy (CFL) number of 2

p
2 for convection

equations, but it does not apply to a reactive � ow system having
stiff chemistry source terms. Residual term R is evaluatedby Eq. (3)
at each substep by using the intermediate values of conservative
variables. Even with the four-step evaluation of the residual vector,
a time step of RK needs less time than the implicit method because
matrix inversion is not necessary.

Numerical experiments were performed with this method using
time steps equivalent to CFL numbers of 0.3, 1.0, and 1.5. The
� rst-order-accurate solution of the baseline method is used as an
initial condition with all other conditions � xed to that used in the
simulation of experimental results. Figure 6 is the stagnation pres-
sure history using the RK method, and the magni� ed view of high-
frequency oscillation is plotted in Fig. 7. The solutions of all of
the cases show similar trends and the advantageous properties of
this method, even with the large variation in CFL number. How-
ever, CFL numbers larger than 1.5 were not available, and the so-
lution blew out. Thus, a CFL number of 1.5 seems to be a practical
limit for the present simulation. This CFL number is considered
suf� ciently large considering its ef� ciency, even though we cannot
guarantee its applicability to viscous problems, which are impor-
tant in practical propulsion devices and which require very � ne
grids.

One step of time integrationtakes 11.19 s/iterationon a DEC Per-
sonal Workstationhaving a 500-MHz Alpha 21164 Microprocessor
with 1 MB of L2 cache and 128 MB of main memory. This is an
encouraging result compared with the time needed for the baseline
method with two subiterations taking 34.24 s per iteration,1 even
after taking into account the twice-as-large number of iterations.

Fig. 6 Temporal variations of pressure at stagnation point by explicit
four-step RK method with different time steps.

Fig. 7 Temporal variations of pressure at stagnation point by explicit
four-step RK method with different time steps; magni� ed plot of dotted
box in Fig. 6.

Thus, it is believed that the explicit RK method could be a power-
ful tool for multispecies reacting � ow that includes a large number
of partial differential equations, unless the time step size is limited
by the coupling of the convection term and stiff chemical source
terms.

PI Method
In a case where the stiffness of chemistry term is a problem,

only the chemistry term is treated implicitly2,11,13,22 to overcome
the stiffness. Thus, the simplest form of a PI method is also con-
sidered in this study among the various formulationsof PI or semi-
implicit schemes.6,22 Using the PI method of one-step time integra-
tion, Eq. (1) can be discretized as

(I/ D t ¡ Z)n
i, j D Qn

i, j = Rn
i, j , Qn + 1

i, j = Qn
i, j + D Qn

i, j (7)

Figure 8 shows the temporal variations of pressure at the stagna-
tion point using the PI method. In this approach, the CFL number
ranges from 0.03 to 0.5. The results at large time steps show severe
high-frequency oscillation that could not be considered a physical
result. However, the amplitude of oscillation is mitigated and tends
to converge to certain amplitudes using a small time step, although
the period of the high-frequency oscillation is nearly unchanged.
This trend is shown clearly in Fig. 9. From this time step re� nement
study, it is believed that the CFL number should be less than 0.1 for
the analysisof the present problem, considering the solution quality
compared with that of baseline method or that of the RK method.
This limitation of time step size is a very severe restriction of the
PI method, even though an iteration requiring one N £ N matrix
inversion takes only 7.04 s/iteration.



1192 CHOI, JEUNG, AND YOON

Fig. 8 Temporal variations of pressure at stagnation point by PI
method with different time steps.

Fig. 9 Temporal variations of pressure at stagnation point by PI
method with different time steps; magni� ed plot of dotted box in Fig. 8.

CN Method
The simplest form of second-order time-accurate fully implicit

method is a CN method, in which only one-halfof a Jacobianmatrix
of residual terms is considered. By applying the CN method, the
governing equations can be discretized as
³

I
D t

¡
1

2

³
@R
@Q

´ ń

i, j

D Qn
i, j = Rn

i, j , Qn + 1
i, j = Qn

i, j + D Qn
i, j (8)

The baseline method can be modi� ed as a CN method in Eq. (8)
simply by replacing the time step coef� cient as

c0 = 2/ D tn , c1 = ¡ c0 , c2 = 0 (9)

Figure 10 is the summarized result of CN method with a CFL
number ranging from 0.3 to 3.0. These solutions also show high-
frequency oscillations,but the solution also converges to a solution
with small amplitudewhen small time steps are used. This converg-
ing trend is more clearly understood from Fig. 11. The oscillation
of the nearly converged solution seems to have nearly the same fre-
quency and amplitude as those derived from the RK method and PI
method. From this examination, it is believed that the CFL num-
ber should be less than 1.0 for the CN method because it shows a
stability problem of high-frequency oscillation at large time steps.
Nevertheless, the ef� ciency of CN method with CFL number of
1.0 can be compared to the baseline method with two subiterations
while using a CFL number of 3 because the computationtime for an
iterationof the CN method is almost the same as that of the baseline
method without a subiteration.

Baseline Newton Subiteration Method
The time step re� nement study is also carried out for the present

baseline method with CFL number ranging from 0.3 to 6.0. The

Fig. 10 Temporal variations of pressure at stagnation point by CN
method with different time steps.

Fig. 11 Temporal variations of pressure at stagnation point by CN
method with different time steps; magni� ed plot of dotted box in Fig. 10.

Fig. 12 Temporal variations of pressure at stagnation point by LU
symmetric Gauss–Seidel scheme with different time steps.

result of the time step re� nement study for the subiterationmethod
is plotted in Figs. 12 and 13. A subiteration convergence criterion
of 1% error was used in this study rather than the restriction of a
maximum subiteration number of 4, such as was used in the simu-
lation of experiments.1 With this convergence criterion, about � ve
subiterationsare needed in most of the integration steps for the case
of CFL number of 6 to satisfy the convergence criterion, less than
two subiterations for a CFL number of 1.0, and no subiteration for
a CFL number of 0.3.

This result says that the ef� ciency increase is not proportional to
the increaseof time step size becausemany subiterationsare needed
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Fig. 13 Temporal variations of pressure at stagnation point by LU-
SGS method with different time steps; magni� ed plot of dotted box in
Fig. 12.

for convergence at a large time step. Even with this mitigation of
ef� ciency increase, the solution with a large time step seems to be
desirable because the solution does not show a high-frequencyos-
cillationand looks stable.Thus, the solution stabilityof the baseline
method is comparable to the PI method or the CN method, both
of which have severe oscillationproblems with large time step size.
However, there is an actual limitationof time step size for this subit-
eration approach. A slight phase shift is noticed for the case of a
CFL number of 6.0 and a much larger time step showed solution
failure even with the much larger number of subiterations. On the
other hand, Fig. 13 also shows the high-frequency,small-amplitude
oscillationof the baselinemethod for small time steps, and the solu-
tion shows the converging trend similar to that for the RK method,
the PI method, and the CN method as shown in Fig. 13.

Dual-Time-Stepping Method
Another type of subiteration method is the dual-time-stepping

method. In this method, a pseudo-time derivative is assumed and
included in the left-hand side of governing equation (1):

@Q
@s

+
@Q
@t

+
@F
@n

+
@G
@g

+ H = W (10)

This pseudo-time derivative is considered only for iteration pur-
poses at every time step only to � nd the solution satisfying Eq. (1).
In this scheme, the physical time derivative is discretized in � rst-
or second-order-accurate form, as was done in the baselinemethod,
at every time increment step. The discretized form of this method
is very similar to the Newton subiterationmethod in Eq. (2) except
for the inclusion of 1/ D s in the diagonal part of left-side matrix,
although the basic concept of subiteration is different. Thus, the
dual-time-steppingmethod is equivalent to the Newton subiteration
scheme at the limit of in� nite pseudo-time step:
³³
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i, j ¡ c2Qn ¡ 1
i, j + R

¡
Qn + 1,m

i, j

¢
(11)

The presence of a pseudo-time derivative enforces the diagonal
dominanceof the scheme,makes the solutionmuch more stable, and
permits a larger time step than in the Newton subiteration scheme.
In the present study, the pseudo-time step is selected as equal to the
physical time step. Figures 14 and 15 are the solutions of stagna-
tion pressurehistory compared with that of the Newton subiteration
scheme. Because ef� ciency is the major purpose of this scheme,
tests were done only with large time steps. With the same physical
time step of a CFL number of 3.0 and the same iteration number
of 4, the solution of the dual-time-stepping scheme seems nearly
the same as that of Newton subiteration scheme. For the Newton
subiteration scheme, a CFL number of 7.0 was a practical maxi-
mum value of time step without solution failure, and six iterations

Fig. 14 Comparison of temporal pressure variations at stagna-
tion point using Newton subiteration method and dual-time-stepping
method.

Fig. 15 Comparison of temporal pressure variations at stagna-
tion point using Newton subiteration method and dual-time-stepping
method; magni� ed plot of dotted box in Fig. 14.

were needed to meet the 1% convergence criterion. In the case of
the dual-time-steppingmethod, a CFL number of 9.0 was possible,
but the seven subiterationsdegrade the effectivenessof this scheme.
Moreover, the solutions at larger time steps show a very diffusive
solution that is very similar to the � rst-order time-accuratesolution.
Thus, the large time step should be avoided for the sake of solu-
tion accuracy even though the large time step can be used without
solution blowout or divergence.

Comparison of Time-Integration Methods
For the comparison of the converging trends, the solutions from

the aforementioned integration methods with smallest time step
cases are summarized in Figs. 16 and 17. The four solutions
show nearly the same pressurehistories with high-frequencysmall-
amplitude oscillations. The oscillatory solution is considered reli-
able because the results from the different methods show nearly the
same converging solution at small time steps. The high-oscillation
frequency shown in Fig. 16 is about 12 MHz. However, it is unclear
if the high-frequencyoscillationis a physicalone or a numericalone
originatingfrom the nonlinearshockcapturingschemebecausesuch
a high-frequencyoscillationhas not been observed in previous stud-
ies (althoughit is a convergedsolutionwith small time stepsize).The
computingtime,a periodequivalentto 1000iterationsof thebaseline
methodwith a CFL number if 3.0, is listed in Table 2 for comparison
of the solutioneffectivenessof each time-integrationmethod. In Ta-
ble 2, time/iteration is measured from 100 iterationsof each method
on a DEC Personal Workstation and used for the estimation of wall
clock time. This was done because the calculations in the present
study were carried out using several different machines having dif-
ferent performances. In Table 2, the explicit four-step RK method
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Table 2 Comparison of solution effectiveness of time-integration
methods for a period equivalent to 1000 iterations of the baseline

Newton subiteration method

Time/ Wall clock Comments on
CFL Iterations iteration, s time, s effectiveness

RK
0.3 10,000 11.19 111,900 ——
1.5 2,000 11.19 22,380 Good, largest CFL

number available

PI
0.1 30,000 7.04 211,200 ——
0.3 10,000 7.04 70,400 Bad, largest CFL

number tolerable

CN
0.3 10,000 12.81 128,100 ——
1.0 3,000 12.81 38,400 Good, largest CFL

number tolerable

Newton iteration
0.3 10,000 12.81 128,100 No subiteration
3.0 1,000 35.66 35,660 Baseline solution, about

two subiterations
6.0 500 71.28 35,640 Phase shift, about

� ve subiterations

Dual time stepping
9.0 333 102.5 34,167 Phase shift about

seven subiterations

Fig. 16 Comparison of temporal variations of pressure at stagnation
point from different time-integration methods.

Fig. 17 Comparison of temporal variations of pressure at stagnation
point from different time-integration methods; magni� ed plot of dotted
box in Fig. 16.

shows thebestperformanceregardlessof limitedCFL number;how-
ever, this methodneedsmore veri� cation for the problems involving
the strong coupling of convection and chemistry or shock and vis-
cous interactions.Single-stepPI schemeshave severe restrictionson
time step size even with the implicit treatment of chemistry terms.
The CN method shows relatively good performance considering
its simple formulation and second-order time accuracy. The ef� -
ciencies of two subiteration methods were nearly the same, but the
dual-time-steppingmethodwas more stableand permits a large time
step. However, the solution quality of fully implicit formulation at
a large CFL number is not guaranteeddue to the diffusive character
of these schemes. Also, the solution ef� ciency was not improved
greatly at a large CFL number due to the increased number of subit-
erations for convergence.Thus, it was found that there is a practical
limit of time steps for these subiteration schemes, considering the
ef� ciency and solution quality. In this study, the practical limit is
considered to be a CFL number of about 3.0.

Conclusions
A comparative study of numerical methods is made as part of

the process of developingan ef� cient computational� uid dynamics
code for unsteady reactive � ows. As a baseline method, an iter-
ative fully implicit algorithm is used for time integration, and a
third-order-accurateupwind scheme is used for spatial discretiza-
tion. The numerical experiment of spatial discretization methods
and time-integration methods present some important points that
should be taken into account in the analysis of these kinds of un-
steady problems.

With regards to spatial discretization,the choice of different spa-
tial limiter functions was compared. Comparison shows different
frequencies in the range from 421.78 to 429.48 kHz, which is also
in the range of the experimental results. A diffusive limiter resulted
in a high-frequencyoscillationand the stiff limiter resulted in small
one, although the maximum deviation is limited to 2.5%. A test
of entropy-�xing parameters reveals that a large value of entropy
� x results in a diffusive solution but that they can be used without
signi� cant deterioration if the solution stability is a problem. The
combination of the AUSM+W method with minmod limiter func-
tion results in nearly the same solution as the baseline method, but
the combinationwith the pressurelimiter functionshowed that a dif-
fusive method might result in a completely different solution to the
physicalsituation.Note from these studies that spatialdiscretization
schemes should be selectedvery cautiously, to capture correctly the
unsteady characteristics of shock-induced combustion because the
numerical dissipation inherently contained in upwind schemes and
limiter functions has an important role on the solution frequency.

A time step re� nement study was carried out for different time-
integrationmethods to � nd the time accuracyand solutionef� ciency
of each scheme. In this study all of the methods show converged
pressure histories using small time step sizes, and all of the meth-
ods show nearly the same pressurehistory, having small-amplitude,
high-frequency oscillations overlaid on the basic large-amplitude,
low-frequencyoscillation.Even though the high-frequencyoscilla-
tioncannotbe assumed to be either a physicalone or a numericalone
at present, it is considered a numerically correct solution because
all of the different time-integrationmethods using small time steps
results in a single converged solution. With regard to the solution
ef� ciency, both the RK method and the CN method can be good
and simple substitutesof the baseline method, with reasonable ef� -
ciencyevenwith the time step limitation,providedthe second-order-
accurate solution is really required. However, the CN method and
the PI method using large time steps result in highly oscillatory so-
lutions that cannot be acceptedas solutions.The dual-time-stepping
method and the baseline Newton subiteration method show nearly
the same ef� ciency and solution quality with reasonable time step
size. Even though the dual-time-stepping method was more stable
and permits a large time step size, the fully implicit formulations
with large time step result in a diffusive solution with a phase shift
and the smearing of high-frequencyoscillations. Moreover, a large
time step size did not improve the solution ef� ciency due to the in-
crease in subiterationsfor convergence.Therefore, it is believedthat
the greatest merit of the subiteration schemes is the large stability
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limit, althoughthere is a practicallimit regardingtime stepsfor these
schemes when one considers the ef� ciency and the solution quality.
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